%0 mnx =0 Sinx x—)O sinx

cosx
Since hm————=1 and hmcosx 1, the answer is 4.

x=0 S]Il X . x>0
J

‘Note: Pay careful attention to this next solved problem It w1ll be Very unportant When you work
on problems in Chapter 4. : :

‘PROBLEM7.'Find(_}£II(}(—5-—'_—h—;)l_—25. - - | -

Answer: First, expand and simplify the numerator like this: (
fin GHAY =25 25+10h+#2~25 10k +K’ |

-0 .k -0 : h 0

Next factor h out of the numerator and the denommator like this:

2 .
hmth,+h hmw_%(lo-+h),

) h =0

Tal(iﬁg the limit you get: lﬁnc} (10'+ h) = 10.

PRACTICE PROBLEM SET 1

,Try these 30 problems to test your skr]l with hrmts The answers are in Chapter 21.

1. ljgg(xz—fsx—n):

2. lim ’2”3 =
=5\ x"—-15

3. hmn

-0

. 2
4 B _;%_—_3):

o x-3 x—S
. ’ 2 '
5 fim[ 102 Izsxgrl):
X~y x»—8@

. .
6. lim| —2 =5 |-
el 10x°+25x+1
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d
7. ljm 3—8 =
w={ 10x* +25x +1

8. lim

10. lim
12. Lm i)=

| - 13, lim i]?, '

14, lim| > )= R - ‘ \
15. lim| ——— |=
| 57\ %% — 49

16. lim—> =
x—7 (x_ 7)

f—3x33
17. ]fet f(x)_{x+2,x >3
Find: (2) lim f; (b) lim f);and (¢) lim o)

f—&xSB

x+Lx>3l

18, Let f.(‘x)={

Find: o) lim flo) (b) lim 00 and (<) Tim 0

CLIMITS W 11




19. Find ]jn7}3cosx .

o
4

20. Find lim3—>—. -
-0 cosx

21. Find fim3——.
-0 smnx

2. Find lim S05%
-0 gin 8x

23. Find lim 227
x>0 sinbx

24. Find limsinx .

X—y00 ) N

25. Find limsin-—

X—do0 X

i . 2 - )
26. Find fim - |
. 0] —cos’ x o N

2 2
27. Find lim S5 7%
v -0 gin” 11x

2_
28. Find hmm——9

h—0 h

29. Find lim S+ —sinx

h—>Q h

11
30. Find lim Xt X

h—0 h
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Answer: If you factor the top and bottom of this fraction, you get:

2 -7x-15_ @x+3)fx=5 e
-x-20  (x+4)(x-5) - -

f(¥)=

Thus, the function has an essential discontinuity at x = —4. If we then cancel the term (x - 5),and .

L ) ) A 13 .
substitute x = 5 into the reduced expression, we get f(5)= R Therefore, the function has a removable
D 13 | o | |
discontinuity at (5,3).
‘Note: Don'’t confuse coordinate parentheses with interval notation. In interval notation, square -

brackets include endpoints and parentheses do not. For example, the interval 2 < x < 4 is written
" [2, 4] and the interval 2 < x < 4 is written (2, 4).

PRACTICE PROBLEM SET 2

Now try these problems. The answers are in Chapter 21,

_x+7; x<2
1. Is the function f(x)=19, x=2. continuous at x = 2?
' 3x+3, x>2 ’

[4x% - 2x, x<3 ‘
2. Is the function f(x)=410x~1, x=3 continuous at x = 3?
| 30, x>3

5x+7,x<3

continuous at x = 37
7x +1, x>3 ,

3. IS the function f(x)= {

4. Is the function f(x) = sec x continuous everywhere?

' T T
5. Is the function f(x) = sec x contintious on the interval [_E' E:| ?

6. Is the function f(x) = sec x continuous on the interval (_E' 5)7 ,

' : 3x*—-11x—4, x<4 o
7. For what value(s) of k is the function f(x) = ¥ * * continuous at x = 4?
, , kx> —2x-1, x>4

~

CONTINUITY 1N 21




: —6x-12, x<-3
8. For what Value(s) of k is the functlon flxy = k> — 5k, x=-3 contmuous at x =-3?
) ’ 6, x>-3

%2 +5x 24

9 At what pomt is the removable d1scont1nu1ty for the funcnon f(x) = <
-x-

- 10. Given the graph of f(x) above, find:

@ lmfE
) lmf)

© limf@)

@ lim f) ‘
© 3

()  Any discontinuities. . o | |
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. 8. @4 (b4

2. 4 9 =2
5 B
) 'lt‘L 20 FS
i 4 21, 3
22 2
s & @
7.
& +0 %375

5 Tl; 24 DNE
¢ % 50
4 +eQ 26 ¢

o *

10 - oo T

[l The limt Does Not Exiot 8 4

T 29 cosz
13 - |

l 30_ -—i—;"
14 o
t5. DPNE
b o>

17 W4 (s «yYpNE

04



\Qe'b?_\

I. ¥Yee, ald, 3 tomdrtroms.
2, [\lo,
2. No.
4. No
5.No
6. XYeg
.
&,
9.

: - 9
Comtimuous fov £ 73
Com‘l:?muoug :for K= 4 or k=

{
remeovable dzs‘co«-é:«azfa a‘t"/% '2_'/"

0. @0 sibys o> ), W)L Ce) 1(3) DN &
CJ‘) aJ‘wf o/zs‘cam‘éaata‘“?‘/ at- z= -3

N rermam.éfe. JlS‘c‘omz‘?uaz-?; at st-_-__g.

omd @n  egontial olzgc"au-z‘marz’/ at x= &~



PRACTICE PROBLEM SET 3

- Now find the derivative of the following expressions. The answers are in Chapter 21.

1..fl(x)‘=5xatx=3 |
2 fl)=dratx=-8
3. fl)=2atx=5
4. f(@)=5atx=-1
5 =82 |
6. f(x)=—i0x2

_:7. f)=202atx=g

8. f(x)=2ratx= -3-

10, flxy=o

1. f(x) =4

12, f(x)=2/xatx=9
13, f(x)=SJ£atx=8
4. f(x)=sinx atx=§ .
15. f(a;)=cosx

16. f(x)=2>+x

17, f(x)=x*+3x+2

B f(@)=

32| =

19, f(x)=ar’ +br+c

20. f(x)=;17
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Proeiem 2. If y = 9x* + 62 - 7x + 11, then Z—y =
, _ x

Answer: %=9(4x3)+6(2x)—7(1)+0= 36x° +12x—7

Jx
' . 3 v 12 ) . 1- 2 3 5 6 3 5
Answer; f(x)=6] —x2 |-| —=|-8| —=x * [+24] ——x ? =9\[———+4x2—36x2
S (2)(%&)(2](2) Jx |

- How’d you do? Did you notice the changes in notation? How about the fractional powers, radi-

"~ cal signs, and x's in denominators? You should be able to switch back and forth between notations,

between fractional powers and radical signs, and between negative powers in a numerator and p051-
tive powers in a denominator.

3 3
Prosuem 3. If f(x)=6x2 - 124/x ~ L +24x 2, then f(x) =

PRACTICE PROBLEM SET 4

Find the derivative of each expression and s1mp11fy‘ The answers are in Chapter 2L

L (4x*+ 1)

2. (¥%+ 3x)?

3. 11x

4, 80

5. 188 +12x + 11
6. %(x12 +17)

7. —%(x"'-l- 2% 9)

10. —8x* + 124/x
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1. 657 —4+/x

1
12. r5+—8
X

B Vits
X
14, (6x* +3)(12x - 4) :
15, (3— % - 20(6 + 1*)
16, ¢+ 10 ~7
P R
7 x AR
1 .
18, \Jx+——
V3

19. (x + 8x —4)(2c? + x°¥) | | | , | o .

20. 0

L b T A T e b

21, (x+1)° _
2. Jx+ix+¥ _ ' | g
23, x(2x + 7){x-2)

24, JE(%/E+2/E)

25, axS +bxt o + dx 4 ex + f : .

THE PRODUCT RULE

Now that you know how to find derivatives of simple polynomials, it’s time to get more complicated.
What if you had to find the derivative of this? ,

A) = (3 + 522 — 4x + 1)(a ~ 7t + 2)

Y

You could multiply out the expression and take the derivative of each term, like this:

, flx) = x8—2x7 - 39x° + 29x_5 - 6ot + 5x® — 4x2 +x

. And the derivative is:
F(x) = 827 — 14x° — 2340 + 145x* - 24 + 152 - 8x + 1 o
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PRACTICE PROBLEM SET 5

Simplify when possible. The answers are in Chapter 21.

1 Fnd /@ f(x)=[4;x7— fic ]

2. Find f/(0)if fx)=(x"—4x+3)(x+1).
3. Find £/ if f(x)=(x+1)"."
4. Find f()if F()=8(x*—457).

5. Find /(0 f f_(x)=( = ]

x+1

6. Find {9 f(2)= @;;’}

d b

7. Fmdf {x) if f(x)—

8. Findf’(x) if f(x)=[x+l)(x2—l2}
. x x
x 4
9. Find f( x)lffx) ( +1) |

10, Bnd /@) if ff)= (2 +x)" .

x+1
-1

11. Find f'(x) 1f f(x)
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12,
| 13
14,
15.
16.
17.
18.
19.
20,
oL
7
23,
24,

25,

(x+4)(x-8)
(x+6)(x-6)
Find f'(x) atx = 1 if f(x)='stxsj6.

(' ~2)

Find f/(x) atx = 1 if f(x):[x'_ﬁ] .
‘ X+x

Find f'(x) atx = 2if f(x)=

x?-3"

(x—_3) "

Find f(x) if f(x)=

findf'(x) atx=1if f(x)=(x4~x2)(é$c3+x). .

Find f/(g) at x = 2.if f()= S F2

xt—¥°

Find f'(i) if FO)=vat+x2.

Find f"{x) at x = 1if f{x)= x 3
(1+x2)_ -

Find 2 if oot 1 andu=——.
dx ox-1

. _
t2+2 and t=x>,
=2 :

Find Z—Zatx=1if_y=
Find 22 if y = (2~ 62°)(5+° + 1) and 2=

dt

Find Z—u atv=2if u=vx®+x° andx=1-
v : v

' 1
Find 2 atr=1if y=-——b

, T andu=x>-1.
X 1+u* .

Find Z—Z ifu=y3énd,y=FxS and x = v%
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'PRACTICE PROBLEM SET 6

Now try these problems. The answers are in Chapter 21.
1. Find Y iy = sin'x.
dx
2. Find Yy if y = cos x4
dx -
. 4y
3. Find o if y = (tan x)(sec x).
~dx

- 4. Find & if y = cotdx. -
, dx

4
5. Find =2 if y=sinax.

i
dx
. dy 1+sinx
6. Find = if y= .
' o dx nYy 1-sinx

7. Find Yy if y = csc® a2
dx

8. Find d_y if y = 2 sin-3x cos 4x.
dx
4

9. Find %Y ify=sin2x.

dx*
. 'dy,- L |
10. Find d—«lfy=smt—cosfandt=1+cos2x.
X
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S
1L Findd—yify=( fanx ]
dx - \I-tanx

12, Find & if 7 = sech tan 26,
e

dr : ,
13. Find — if r = cos{l + sinf).
e e ( )

14 Find =0
d6  l+tané

=M

_ P 2
15.. Find % if y=(1+c0t( D .
16. Find % ﬁy:sm(cos(&)) :
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/ 5.
2 o«
3 20
&, -io,
5. /6«
é. ~209%
T, Yoa
& s«
7. —%*
1o, ¢g?
/., Sx¥
/2. 3
/3. =
I % -3’_-

/8, —sima

14

/17T
/&

/9.

20 |

2t |



SET «,

/. b¢a3r1bx

2. /027 +34x5+1d=%

3, 772

% Joz?

5. S¢xr12

6. gz’

7. -3zfog’

& O

9. —ﬁ- -%-L-a-i-z

) i é

0. gex '+ y=

"ot 2

£

2, - $§ __¢&
" ra)

/3, L. 3

14, Abx*-48x+3/(

1§, ~b-36+ 22°-52% ¢

6. O
[7'-—-—.’..(3...-[-—[—?--!-‘5‘"&"

x5 x 6 2‘7
-

2\ =

lq- ...—..‘_é.-!-—!i.--ﬁ&.i_-_{_é

72 .xs Z“ 2,5
20. ©

21 228 4xe3

22, I + l + 2
T 3im o3y

23 bt éa-1¢

24 S . _ T
6Yx lo'f/is“

25 Saz¥L abdPrL3ax’y2dx



2,

3.

Lo

I,

SET §.
~&6 z"nrz‘ﬂzz‘-éz
(§27+1)*

3~ 6% —|

lo ¢+ 1)

lby?~ 32

\/ (x¥- %)
By 3¢
(x*+1)¢

1/ 2%~ -%< 29
4 ( Sxt2 ) (Sxt2)*
322"+ 7 X%

16z ®

> ! 3
v o

43
(z+1)%

100 (2 %)t (221 )

i 3
(2% 1)* (2*)™
9
2. 4

13. 1o}

14 O
bR
5. X=bxtd
(x-3)*
16, &
-
7. ”
l(?‘_ E‘Z:_‘l-l —
N 4% |
19 -1
2,
20, o 2
Cx~i)3
2], -2y
s |
22, 3,3 (S"l--—l—-)
(J° ) Py
_+ (5-': +J‘.§)(3-&*_[5-t
23 o I
1605
24 2
25 WD
(v &)X



SET 6 .

i.
2
3,
3

S,

T,

&

9.

/0,

'

-
2.8M% - COSE = Stm2 R I4" __Se‘:a('é“"‘& 2 )
(l+ +and)
- Sim (‘xg) £ (=
2% S, = (%) (ese ()
2.3
S sec’x — Secx {l+ Co.{:/;))
"'44(5‘:-;(({_2) 14. COS/&:S\/'E) ("S}‘mﬁ)ﬁ
3 ms?z
2\/stm 3%
2 oSX

R i S

Cl— stmx)*
- ' 3
—4%. ¢se’(7?) cot (o)
b S3% . cos@ w— & sind2. Stngs

16 Sitmag

L es it oz + st (it tosx) | (-2 simz - cosw )

_ 22X Sec’x
(/ —~ -famz)s

v (5e8)/al50)2) + (4ni26) (Secd tame )

(3. — [srm ci+stmg)cwso)



"t PROBLEM SET 7

‘Zifferentiation to find the fo}lowing derivatives. The answers are in Chapter 21.
2y =y
X it x*-16xy+y’ =1
5. Find Y at 1)if Y =3,
x-y

L dy . . .
4. Find =~ if cosy—sinx =siny - CoSX.
5. Find 2 if 162 —16xy+y* =1 at (L, 1).

N TR S BT
6. Find =2 if x2+y2=2y" at(L,1).

7. Find —Z if xsiny +ysmx=—7 at| =, =
vy 2 \4'4
8. Find 24 if 2 +4y’=1.

"9. Find — if sinx +1=cosy.

v, Y
L if x*—4x=2y-2.

e
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[SE—T G‘?L

22z
/ -
i+3&
a, _83-%
g-é‘z
3, 3
Stz + oS
& - —
srn&-&-aosa_
gl
S’ —
‘ T
-
6. -
7, I
- J
1643

q  sinx. Sin*Y ~ cosY- oS’

stn’a

lo. |



PRACTICE PROBLEM SET 8

Now try these problems. The answers are in Chapter 21.

1. Find the equation of the tangent to the graph of y =32’ -xatx = 1.
2. Find the equation of the tangent to the graph of y = x* - 3x at x = 3.

3. Find the eqﬁation of the normal to the graph of y = V8x atx=2.

1
4. Find the equation of the tangent to the graph of ¥ = atx =3,
nd theequ gent o he gph ol Y= T 7
' x+3
5. Find the equation of the normal to the graph of ¥ = -3 atx=4.

6. Find the equation of the tangent to the graph of y =4 - 3x - x* at (0, 4).

7. Find the equation of the tangent to the graph of y = 2x° - 3x2-12v+ 20 at x = 2.

X2+

x—6

8. Find the equation of the tangent to the graph of ¥ = atx =5.
9. Find the equation of the tangent to the graph of y=+vx>-15 at(4,7).
10. Find the equation of the tangent to the graph of y = (x* + 4x + 4)* at x = -2.

11. Find the values of x where the tangent to the graph of y = 2x* - 8x has a slope equal to the slope
ofy=x.

3x+5
12. Find the equation of the normal to the graph of ¥ = X7 atx=3.

x-1
13. Find the values of x where the normal to the graph of (x— 9)2 is parallel to the y-axis.

14. Find the coordinates where the tangent to the graph of y =8 - 3x -2 is pafallel to the x-axis. .

15. Find the values of 4, b, and ¢ where the curves y = x* + ax + b and y = cx + x* have a common
tangent line at (-1, 0). :
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SETE

/. (ﬁ)(r— Bla-D+v
2 . 3-—!&: 24 (x~-3)

3. 4-4-= ~(x-2)

3
/0 =0
I x::t/ 2
(=
l2 -7=-—’_:(s(-3)

13, x=9
(4. (_3_ 4
2, 4
[S az=|
b=0
® C=1



PRACTICE PROBLEM SET 9

Now try these problems. The answers are in Chapter 21.
1. Find the values of ¢ that satisfy the MVTD for fix) = 3x s 5x -2 on the interval [-1, 1].
2. Find the values of ¢ that satisfy the MVTD for f(x) = x* + 24x — 16 on the interval [0, 4].
3. Find the values of ¢ that satisfy the MVTD for f(x) = x° + 12x* + 7x on the interval [4, 4].
4. Find the values of c that satisfy the MVID for f(x) = g -3on tite iﬁtefval [1,2].
5. Find the values of ¢ that satisfy the MVTD for flx) = ;6; -3 on the interval [-1, 2].
6. Find the values of ¢ that satisfy Rolle’s theorem for f(x) = x> - 8x + 12 on the intérvgl [2,6].
7. Find the values of c that satisfy Rolle’s theorem for f(x) = x* - x on the interval [-1, 1].
8. Find the values of c that satisfy Rolle’s theorem fqr fix) = x(1 - x) on the interval [0, 1].
9. Find the values of ¢ that satisfy Rolle’s théorem for fix) =1- ;12— on the interval [-1, 1].

2 1
10. Find the values of c that satisfy Rolle’s theorem for f(x)=x®—x? on the interval [0, 1].
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No So/a'f‘?ooz
=@

/
C=z + —
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PRACTICE PROBLEM SET 10

Now try these problems on your own. The answers are in Chapter 21.

1.

v

—

A rectangle has its base on the x-axis and its two upper corners on the parabola y =12 - x%. What
is the largest possible area of the rectangle? :

. An open rectangular box is to be made from a 9 x 12 inch piece of tin by cutting squares of side

x inches from the corners and foldmg up the sides. What should x be to maximize the volume
of the box?

. A 384-square-meter plot of land is to be enclosed by a fence and divided into two equal parts by

another fence parallel to one pair of sides. What dimensions of the outer rectangle will minimize
the amount of fence used?

What is the radius of a cylindrical soda can with volume of 512 cubic inches that will use the
minimum material?

A swimmer is at a point 500 m from the closest point on a straight shoreline. She needs to reach
a cottage located 1800 m down shore from the closest point. If she swims at 4 m/s and she walks
at 6 m/s, how far from the cottage should she come ashore so as to arrive at the cottage in the
shortest time?

Find the closest point on the curve x* + y* = 1 to the point (2, [ )}

A window consists of an open rectangle topped by a semicircle and is to have a perimeter of 288
inches. Find the radius of the semicircle that will maximize the area of the window.

s v,’sin26 o .
The range of a projectile is R = —2————, where v, is its initial velocity, g is the acceleration due

8
to gravity and is a constant, and 81is its firing angle. Find the angle that maximizes the projectile’s

range.

. A computer company determines that its profit equation (in millions of dollars) is given by

P = x® — 48x? + 720x — 1000, where x is the number of thousands of units of software sold and
0 < x £ 40. Optimize the manufacturer’s profit.
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SeTIO

/. 32,

7 —=Vi3

2. = -% 1 497
* 2

3. lbm X2am.

4, R= 3/354
TC

&, /3852 7¢6

2 _L.)
Vs, V§
294
T s 4+ TC
.
&, g,__;_

PIS billzon



PRACTICE PROBLEM SET 11

It's time for you to try some of these on your own. Sketch each of the graphs below and check the
answers in Chapter 21. '

1. y=x*-9x-6

2. y=20-6*-9x-4

@y--i5-)

10. y=
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SET 1.

/. Mm (3, ~4Y3-8)
& Max (3, 4J5-6)

2, Mwin (-3,-¢)
M“K (-Il o )
Im jl&cfum Poinrt (-2,-2)

3, Mm (0, -36)

wa(‘z' “)md( N/EY

Infl. P (VB _ 48/ 4-\.0"1-3_42
'ﬂ /6, 3,5)“' 8 3,5)

&, Moy, (o0)
Min, (2.-¢)and (-2,—-¢)

Zuf. P, ( = -2° )and 222

w9
s, VA, a=-2,
H.A. i='
No. Mox. Hen. 3f.P.
. V.4. 2=3

Mo Zorf. P.
OL/:zM.A.J:z-z-.B 0 Forf

Mox, (3+VF, ¢+2/E)
Mzn .(3-V5, 5—'.2\/3)



7. VA 2=8 , 2=-¢
H.A. ﬁ=o,
/\/0 M. Mmio |
Inf. P. (o0,0)

&, AMb moxima , mimioa, Tef. P

?' MM{. (/c /) / NO I"Lf.P.

/0. A/M(- (0,0).
V4., =2 /X =—-2
H.A. i:B,
Ny zfl. P.

C’as/o at (o, 3)

cw,f at (o, 0 )
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PRACTICE PROBLEM SET 12

Now try these problems on your own. The answers are in Chapter 21.

1.

2,

3.

4,

Oil spilled from a tanker spreads in a circle whose circumference increases at a rate of 40 ft/sec.
How fast is the area of the spill increasing when the circumference of the circle is 1007 £t?

A spherical balloon is inflating at a rate of 27 in*/sec. How fast is the radius of the balloon
increasing when the radius is 3 in?

Cars A and B leave a town at the same time. Car A heads due south at a rate of 80 km/hr apd
car B heads due west at a rate of 60 km/hr. How fast is the distance between the cars increasing
after three hours?

A cylindrical tank with a radius of 6 meters is filling with fluid at a rate of 108n m*/sec. How
fast is the height increasing?

108 B CRACKING THE AP CALCULUS AB & BC EXAMS

10.

The sides of an equilateral triangle are increasing at the rate of 27 in/sec. How fast is the triangle’s
area increasing when the sides of the triangle are each 18 inches long?

An inverted conical container has a diameter of 42 in and a depth of 15 in. If water is flowing out
of the vertex of the container at a rate of 357 in®/sec, how fast is the depth of the water dropping
when the height is 5 inches? '

Aboat is being pulled toward a dock by a rope attached to its bow through a pulley on the dock

7 feet above the bow. If the rope is hauled in at a rate of 4 ft/sec, how fast is the boat approaching

the dock when 25 feet of rope is out? '

A 6-foot-tall woman is walking at the rate of 4 ft/sec away from a street laﬁp that is 24 feet tall.
How fast is the length of her shadow changing?

The voltage, V, in an electrical circuit is related to the current, I, and the resistance, R, by the equa-
tion V = IR. The current is decreasing at 4 amps/sec as the resistance increases at 20 ohms/sec.
How fast is the voltage changing when the voltage is 100 volts and the current is 20 amps?

The minute hand of a clock is 6 inches long, Starting from noon, how fast is the area of the sector
swept out by the minute hand increasing in in?/min at any instant?

POSITION, VELOCITY, AND ACCELERATION

Almost every AP exam has a question on position, velocity, or acceleration. It's one of the traditional
areas of physics where calculus comes in handy. Some of these problems require the use of integral
calculus, which we won’t talk about until the second half of this book. So, this unit is divided in half;
you'll see the other half later. .
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PRACTICE PROBLEM SET 13

Now try these problems. The answers are in Chapter 21.

1

10.

Find the velocity and acceleration of a particle whose position function is x(f) = £* - 9% + 24,
£>0.

Find the velocity and acceleration of a pafticle whose position function is x(t) = sin(2t) + cos(¢).

If the position function of a particle is x( ) 7 :_9 t>0, find when the parhcle is changing

direction.

If the position function of a particle is 'x( ) sm(ZJ 0<t<4m, find when the particle is
changing direction.

. If the position function of a particle is x(t) = 3* + 2t + 4, t > 0, find the distance that the particle

travels fromt=2tot =>5.

If the position function of a particle is x(t) = £ + 8, t > 0, find the distance that the particle travels
fromt=0tot=4.

If the position function of a partlde is x(f) = 2sin’ + 2cos*,t > 0, find the veloc1ty and accelera-
tion of the particle.

If the position function of a particle is x(t) = t3 + 82— -2t + 4,t>0, find when the partlcle is chang-
ing direction.

If the position function of a particle is x(t) = 28 — 6{* + 12t - 18, t > 0, find when the particle is
changing direction. ‘

If the position function of a particle is x(t) = sin®2t, ¢ > 0, find the distance that the particle travels
fromt=0tot=2.
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Now find the derivative of each of the following functions. The answers are in Chapter 21.

L f(x)=In(x*+ 8)
1n(3x\/C’Tx)

3. ‘f(x)=1n(cotx—cscx) '

2. f (x)

4. f(x)=xIncos3x-x* .

5x?

s 1= 2

10. f(x)=lo 12(x"’)
1. f(x

12 f(x
8. f(x)=log\10>
14 f(x)=Ihxlogx
5. f(x)=c -3
16. f(x)=10°"

17. f(x)=5=

18. f(x)=In(10%)

19. f(x)=2°5"
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dy 2
~=2-3
dx *

Next, find the value of x where y = 1. By inspection, y =1 when x=1.
Then, we use the formula to find the derivative of the inverse:

1 1

éz =

(2—3x2) =
dx

x=1

x=1

PRACTICE PROBLEM SET 15

Find a derivative of the inverse of each of the following functions. The answers are in Chapter 21.
1 17
1. y=x+— at y=—;wh >1
y=x+_aty== ere x
2. y=3x-5xaty=2
3. y=etaty=e

4. flx)=2"-22°+ 23atflx) =1
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5. y=x+2xPaty=-2
6. y=4xr-xaty=3
7. y=lnxaty=0

1 1
8. y=x3+x%aty=2




5l

4

~ = 1»‘[- wl~ N]‘*

& (s

*]



ProsLEM 3. A particle’s position at time £ is determined by the equations x = 3 + 2f* and y = 4¢%,
t 2 0. Find the x- and y-components of the particle’s velocity and the times when these components
are equal.

Answer: First, figure out the x- and y-components of the velocity:
dx dy
— =4t and —=
i

These are equal when 16# = 4t. Solving for £

=16t

1
t=0,+t—
2

Throw out the negative value of ¢, the answer is t = 0, % .

PRACTICE PROBLEM SET 16

Now try these problems. The answers are in Chapter 21.

1. Find the Cartesian equation of the curve represented by x‘= Asecz t-landy=tant, —g <t< g .
2. Find the Cartesian equation of thé curve represented by x =t and y = N ,—1<t<1.

3. Find the Cartesian equation of the curve represented byx=4t+3and y = 162~ 9, —o<t <oo,
4. Find the equation of thé tangent linetox =f*+4andy =8t att =6.

5. Find the equation of the tangent linetox=sectand y=tantat ¢t =

|

6. The motion of a particle is given by x =-2t?and y = £ -3t + 9, t 2 0. Find the coordinates of the

particle when its instantaneous direction of motion is horizontal.

7. The motion of a particlé is given by x = Int and y = #* - 4t. Find the coordinates of the particle

when its instantaneous direction of motion is horizontal.

t
8. The motion of a particle is given by x =2 sint -1 and y=sint—5, 0<t<2n.Find the times

when the horizontal and vertical components of the particle’s velocity are the same.

OTHER TOPICS IN DIFFERENTIAL CALCULUS IR 131
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Now find these limits using L'Hopital’s Rule. The answers are in Chapter 21.

1. Find hmsme
*=0 sin4x

2. Find lim 2~ = .
X7 Smx

x—sinx
3

3. Find Iim ———

- x50 X

3x eSx

4, Find lim&——%—

x>0 X

5. Find hmtanx ad

=0 ginx—x

5

6. Find lim —

2300 @O% ’

5 3
7. Fin dhm-’if—"‘xz—s.
xoe 735 —3x% ~1

8. Find lim M
x50 ]n(tan x)

9. Find lim %%
x-0" cotx

10. Find lim —=——.
0" In(x +1)

DIFFERENTIALS

Sometimes this is called “linearization.” A differential is a very small quantity that corresponds to a
change in a number. We use the symbol Ax to denote a differential. What are differentials used for?
The AP exam mostly wants you to use them to approximate the value of a function or to find the

error of an approximation.

Recall the formula for the definition of the derivative:

g o1
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S=4nr*

The formula says that dS S°dr, so first, we find the derivative of the surface area (5" = 8nr) and
plug away:

dS = 8mrdr = 8n(4)(£.01)=+1.0053

This looks like a big error, but given that the surface area of a sphere with radius 4 is approximately
201 cm?, the error is quite small.

PRACTICE PROBLEM SET 18

Use the differential formulas in this chapter to solve these problems. The answers are in Chapter 21.
1. Approximate +/25.02 .

Approximate /63.97 .
Approximate tan 61°.
Approximate (9.99)°.

ISAI T

The side of a cube is measured to be 6 in. with an error of 0.02 in. Estimate the error in the ‘
volume of the cube.

6. When a spherical ball Eearing is heated, its radius increases by 0.01 mm. Estimate the change in
volume of the ball bearing when the radius is 5 mm.

7. Aside of an equilateral triangle is measured to be 10 cm. Estimate the change in the area of the
triangle when the side shrinks to 9.8 cm.

8. A cylindrical tank is constructed to have a diameter of 5 meters and a height of 20 meters. Find
the error in the volume if:

(a) the diameter is exact, but the height is 20.1 meters; and
(b) the height is exact, but the diameter is 5.1 meters.

LOGARITHMIC DIFFERENTIATION

There’s one last topic in differential calculus that you BC students need to know: logarithmic dif-
-+ ferentiation. It’s a very simple and handy technique used to find the derivatives of expressions that
involve a lot of algebra. By employing the rules of logarithms, we can find the derivatives of expres-

sions that would otherwise require a messy combination of the Chain Rule, the Product Rule, and
the Quotient Rule.

First, let’s review a couple of rules of logarithms (remember, when we refer to a logarithm in
calculus, we mean the natural log (base €), not the common log):

InA+InB=In(AB)

]nA—lnB=1n(—§)

InA*=BInA

For example, we can rewrite In(x + 3)° as Sln(x +3).
As a quick review exercise, how could you rewrite:




E.002
3.99937¢8
).&0 2
99 7
+2.16 in®

T= 3,142 mm
—/.732 cm®

ca> 1.943m’°

(b)) 15.708 m?



Take the derivative of both sides:

1dy_2x-5 2sinx_15%°
ydx x*-5x cosx x°+1

_ 2

_1_iy_= 22x 5 Cotany— 135x

ydx x°-5x x+1
And multiply by

dy 2x~-5 15x

a2 —Jtanx—

dx [x2 5x x3+1]
One more time.

PRACTICE PROBLEM SET 19

Use logarithmic differentiation to find the derivative of each of the following problems. The answers
are in Chapter 21.

3
' (x3 +5)E Y4-x*
S y= x*-x*+6

_sinx coéx

4, y= ———,____x3 —

. (4x? - 8x) (5-3x* +7x)’
YT (x2 + x)3

144 W C(RACKING THE AP CALCULUS AB & BC EXAMS
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(n*2x) (§-3x¥e72) (%)

6. 3. ll - :L - secy csc«xj’

xA—

- a 3 S_ ol
7 3 2(1 z:l + 3(3x+4x )+ f(&z &z¥)
(x~2*) (23+2¢%) (7b-25)

| \ |
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Now evaluate the following integrals. The answers are in Chapter 21.

1 J.;-lz-dx
2. J.%dx
J'x5+7

x2

dx

ad

4. [(5x*-3x* +2x+6)dx

5. [(3x° -2+t +1627 )dx

6. [(1+2)(x-2)dx ‘
7. 4 (2ex)s

8. [(x*+x) dx

6 o
9, J‘x_ﬁ_l_ dx

x2

10. Jx(x—l)sdx
11. J-(cosx—Ssinx)dx
12. J.secx(secx+tanx)dx

13. j(secz X+ x)dx

sinx
14, j S—dx
cos“ x

dx

. 3
15, J'cos x+4

cos’x
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J sin2x
COsXx

16. dx

17. J-(l +cos” x sec x)'dx

18 Jl(tan2 x)dx

19. ———-l—dx

CSCX

2
20. I(x— o x)dxv

U-SUBSTITUTION

When we discussed differentiation, one of the most important techniques we mastered was the Chain
Rule. Now, you'll learn the integration corollary of the Chain Rule (called u-substitution), which we
use when the integrand is a composite function. All you do is replace the function with %, and then
you can integrate the simpler function using the Power Rule (as shown below):

S S

Suppose you have to integrate j(x - 4:)10 dx . You could expand out this function and integrate

each term, but that’ll take a while. Instead, you can follow these four steps:

Step 1: Let u = x — 4. Then ?— =1 (rearrange this to get du = dx).
x

Step 2: Substitute u = x — 4 and du = dx into the integrand:
ju“’du

Step 3: Integrate:

11

Iu1°du=E—+C
11

Step 4: Substitute back for u:
' 1
(x-4)
11

+C
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/ —;;-3-1-6‘.
2. tofx+ ¢

¢, 2°-23ra’rbxtC

el

~ 2 2+ X a2 X%
§. Sl e C

2X

2
6., zr_ 22 22 _sp4c
4

Iy 3 2
¢ 3
[0 ....z.i. ...23-—-_!,23___ -—;-{—C’.
s &

/1, Szt §ws?t+ C

/2. Adoanx +Secx + C

22.
/3. tamx+-—1C

/4.

/5,

/b

/7.

/&

/9.

<0,

seezt @

szt & tdanuxr + C

 ~2csxt+ C

zt+ sy + C
“tomz — + C

—cosz + C

-:'t"“t“l'éau'z,i'&

=



x x
ProsieM 4. Evaluate J‘tané— sec? gdx.

Answer: Let u=tan% and du=%sec2§dx.'1hén 3du=sec2§dx.

Substituting, we get:
SJu du==u*+C
Then stbstitute back:
étan2 ic
2 3
PRACTICE PROBLEM SET 21

Now evaluate the following integrals. The answers are in Chapter 21.
L Jsian cos2x dx

N

. J‘ 3x dx

10—«
J‘x3\/5x4+20 dx : .

w

dx
4, j T

j(xz + 1)(xs + 3x)‘5 dx

o

sin\/; dx

[+

E

J.x2 sec’ x* dx

N

o
—
@]
&
VR
®|W
SN——
&

sin2x
9, | ——dx
j (1 —COos 2x)3

10. Jsin(sin x)cosx dx
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7. Lte(z)+C
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7. - —é-(/-— os2z) "+ C

o0, —cos(sinz)t+ C



PRACTICE PROBLEM SET 22

Here's a great opportunity to practice finding the area beneath a curve and evaluatmg integrals. The
answers are in Chapter 21.

1. Find the area under the curve y = 2x — % from x = 1 to x = 2 with n = 4 left-endpoint rectangles.

2. Find the area under the curve y = 2x — x? from x = 1 to x = 2 with n = 4 right-endpoint

rectangles.

3. Find the area under the curve y = 2x — 22 from x =1 to x = 2 using the Trapezoid Rule with
n=4

4. Find the area under the curve y = 2x - x* from x = 1 to x = 2 using the Midpoint Formula with
n=4. |

5. Find the area under the curve y = 2x - * fromx=1tox = 2.

T
-

6. Evaluate 2" cos x dx.

Py ’
7. Evaluate 2x\/; dx.

J1

o1

8. Evaluate | (x*-5x°+3x* - 4x- 6) dx.
1]

9. Evaluate J.4 ]xldx.

4

10. Evaluate J.En sin x dx.

11. Suppose we are given the following table of values for x and g(x):

X 0 1 3 5 9 14
| 8(x) 10 8 11 17 20 23

Use a left-hand Riemann sum with 5 subintervals indicated by the data in the table to approximate

jon g(x)dx .
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As in the previous example, let’s make a table of values of the accumulation function for different
values of x: :

P(x)

[eSAN

We can see that the values of F (x) will increase as x increases.

PRACTICE PROBLEM SET 23

Now try these problems. The answers are in Chapter 21.
1. Find the average value of f(x) = 4x cos ¥2 on the interval | 0, \/% .
2. Find the average value of f(x) = Jx on the interval [0, 16]. |
3. Find the average value of f(x) = V1-x on the interval [-1, 1].

4. Find the average value of f(x) = 2|| on the interval [-1, 1].

. dex.,
5. Find Z{;L sin“t dt.

d e 3x
6. Find — | (t*—t)dt.
= dxus( )
d *
7. Find — t dt.
n dxuo |l
., d(*
8. Find — —2cost dt.
dx J1
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Now get back to the expression as a function of x:

S C T WL e

' 3In2  In8

PRACTICE PROBLEM SET 24

Evaluate the following integrals. The answers are in Chapter 21.

2
1. J.Eg—xdx
tanx

2. Jﬂdx
1-sinx

1
xlnx

3. dx

4. j 1 cos(In x)dx
x

J‘sinx—cosxdx
cosx
J‘ dx '
x/;(1+2x/§)

X
7 J‘ e*dx
1+¢*

8. J_xe5"2'1dx
9. Ie" cos(2 + e")dx
rd —X
10. J5+—edx
ex __e—x
11. J. x4 dx

12. J75i“" cosx dx
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Next, find where the two curves intersect. By setting 3* — y = 0, you'll find that they intersect at
y=-1,y=0,and y = 1. Notice that the curve is to the right of the y-axis fromy =-1toy =0 and
to the left of the y-axis from y = 0 to y = 1. Thus, the region must be divided into two parts: from
y=-ltoy=0and fromy=0toy =1

Set up the two integrals:

‘[_ol(y3 —y)dy+ J': (v-v°)dy

And integrate them:

PRACTICE PROBLEM SET 25

Find the area of the region between the two curves in each problem, and be sure to sketch each one.
(We only gave you endpoints in one of them.) The-answers are in Chapter 21.

1. The curve y = x>~ 2 and the line y = 2.

2. The curve y = x? and the curve y = 4x — x2

3. The curve y = x* and the curve y = 3x? - 4.

4. Thecmvey=x2—4x—émdthecuwey=2x—5. '
5. The curve y = x* and the x-axis, from x = -1 to x = 2.
6. Thecqrvex=y2andthelinex=y+2.

7. The curve x = y* and the curve x = 3 - 22

8. The curve x = y* — * and the line x = 2.

9. Thecurvex =12-4y + 2 and the linex=y-2.

2
10. The curve x=y° and the curve x =2 -y
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PRACTICE PROBLEM SET 26

Calculate the volumes below. The answers are in Chapter 21.

‘1. Find the volume of the solid that results when the region bounded by y=+9-x> and the

x-axis is revolved around the x-axis.

2. Find the volume of the solid that results when the region bounded by y = sec x and the x-axis

from x=-= to x =T is revolved around the x-axis.
4 4

3. Find the volume of the solid that results when the region bounded by x =1-y? and the y-axis

is revolved around the y-axis.

4. Find the volume of the solid that results when the region bounded by x = +/5y? and the y-axis

fromy=-ltoy = 1 is revolved around the y-axis.

5. Find the volume of the solid that results when the region bounded by y = x%, x =2, and the

x-axis is revolved around the line x = 2.

6. Use the method of cylindrical shells to find the volume of the solid that results when the region

bounded by y =x,x=2,and y= -% is revolved around the y-axis.
2

7. Use the method of cylindrical shells to find the volume of the solid that results when the region
bounded by y=+/x,y=2x-1, and x = 0 is revolved around the y-axis.

8. Use the method of cylindrical shells to find the volume of the solid that results when the region

bounded by y = x% y = 4, and x = 0 is revolved around the x-axis.

9. Use the method of cylindrical shells to find the volume of the solid that results when the region
bounded by y=2+/x,x =4, and y = 0 is revolved around the y-axis.

10. Use the method of cylindrical shells to find the volume of the solid that results when the region

bounded by y* = 8x and x = 2 is revolved around the line x = 4.

11. Find the volume of the solid whose base is the region between the semi-circle y =+/16—x* and the

x-axis, and whose cross-sections perpendicular to the x-axis are squares with a side on the base.

12. Find the volume of the solid whose base is the region between y = x? and y = 4 and whose

perpendicular cross-sections are isosceles right triangles with the hypotenuse on the base.
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PRACTICE PROBLEM SET 27

Evaluate each of the following integrals. The answers are in Chapter 21.

1. | xesc®xdx

2. | xe*dx
3. de
o x2

4. |x?cosxdx

5. -x2h1x dx

6. J'xsian dx
7. J-Inzx dx

8. J-xs.ec2 x dx
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And use u-substitution. Let # = x - 2 and du = dx:

 du
| J5z
Now, this looks familiar. Once ydu integrate, you get:
sin?u +C
After you substitute back it becomes:

sin? (x-2)+ C

PRACTICE PROBLEM SET 28

Here is some more practice work on derivatives and integrals of inverse trig functions. The answers
are in Chapter 21.

1. Find the derivative of -jitan‘l(-;f).

2. Find the derivative of sin‘l(l).
x).

3. Find the derivative of tan™ (ex).

dx
4, Evaluate | —=—.
wxl -7
dx
7 +x°

5. Evaluate J

6. Evaluate J—(l_dliz_)
x{1+In°x

sec’x dx

Ji-tan?x

7. Evaluate I

8. Evaluate J.

dx
N9 —4x?

e3*dx
1+e%*

9. Evaluate I

TRIG-FUNCTIONS IR 231
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Evaluate the following integrals. The answers are in Chapter 21.
1. J sin® x dx
2, jcos‘* x d?c
3. Jcos4 xsinx dx
4. jsin3 xcos® x dx
5. Jsinz xcos®x dx
6. J-tans xsec® x dx
7. jtans xdx

8. jco_tz xsecx dx
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dt at
Plug these into the formula:

L= J.Z\Eec“ﬂseczttanzt dt
0

PRACTICE PROBLEM SET 30

Find the length of the following curves between the specified intervals. Evaluate the integrals unless
the directions state otherwise. The answers are in Chapter 21.

;
1. y=—’—c~+l fromx=1tox=2

12 «x
2. y=tanxfrom x=-Z tox =0 (Set up but do not evaluate the integral.)
6 _

3. y=v1-%* fromx=0to x= 1 (Set up but do not evaluate the integral.)
4

3
4. x=l-+ifromy=2toy=3
18 2y

5 x= \/_1—:}7 from y= -1 toy= N (Set up but do not evaluate the integral.)
2 2

6. x=siny-ycosyfromy=0toy=x (Setup but do not evaluate the integral.)

7. x=costand y =sin ¢ from t=Z to t="

6 3
8. x=+/t and y= -1; from ¢t =1 to ¢ = 4 (Set up but do not evaluate the integral.)
t

9. x=3t"and y = 2t from ¢ = 1 to t = 2 (Set up but do not evaluate the integral.)

THE METHOD OF PARTIAL FRACTIONS

This is the last technique you'll learn to evaluate integrals. There are many, many more types of
integrals and techniques to learn; in fact, there are courses in college primarily concerned with
integrals and their uses! Fortunately for you, they're not on the AP exam (and therefore, not in this
book). The BC exam usually has a partial fractions integral or two, and the concept isn't terribly hard.

We use the method of partial fractions to evaluate certain types of integrals that contain rational
expressions. First, let’s discuss the type of algebra you'll be doing.

If you wanted to add the expressions 3 and -2
x-1 x+2

, you would do the following:

3 .5 _3(x+2)+5(x-1) _ 8x+1

x—=1 x+2  (x-DL)(x+2) (x=1)(x+2)







PRACTICE PROBLEM SET 31

Evaluate the following integrals. The answers are in Chapter 21.
1 J_ﬂ__
(x—1)(x+6)

% j(x—3;c(x+1) ax

x2=7x+12
5. ___2x—12 dx
(x-1)
1
6. | — — dx
I (x+1)(x2+1)

2x+1
7. J‘mdx

.
8_.J'x +3x—-1 dx
x2 -1
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PRACTICE PROBLEM SET 32

Evaluate the following integrals. The answers are in Chapter 21.

L &

. J'g tan0do

['=N

8. J.m x3dx

3 dx
0x—-2

10 J'six—
- LiE
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PRACTICE PROBLEM SET 33

Do the following problems on your own. The answers are in Chapter 21.

. Find the slope of the curve r= 2c0s49.
. Find the slope of the curve r=2-3sin0 at (2,7:).'
Find the area inside the limacon 7= 4+2cos6.

1
2
3.
4. Find the area inside one loop of the lemniscate > = 4cos26.
5. Find the area inside 7=2cos 6 and outside r=1.

6.

Find the area inside the lemniscate 7> = 6c0s 28 and outside the circle 7= «/5 .
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PRACTICE PROBLEM SET 34

Now try these problems. The answers are in Chapter 21.

) o , :
1 If L 7% and y(3) = 2, find an equation for y in terms of x.
dx Y

N

If 4y 532y and y(0) = 6, find an equation for y in terms of x.
dx
3. If y__ 1 ad y(0) = 2, find an equation for y in terms of x.
dx y+x’y

LY e_z and y(0) = 1, find an equation for y in terms of x.
dx y ' ‘

2
5. If 4 _ 1—3— and y(1) = 2, find an equation for y in terms of x.
dx x .

6. If 4y _sinx ang ¥(0) = —Qﬂ, find an equation for y in terms of x.
. dx cosy

7. A colony of bacteria grows exponentially and the colony’s population is 4,000 at time ¢ = 0 and
6,500 at time ¢ = 3. How big is the population at time { = 10?

8. A rock is thrown upward with an initial velocity, v(f), of 18 m/s from a height, h(t), of 45 m. If
the acceleration of the rock is a constant -9 m/s?, find the height of the rock at time ¢ = 4.

9. The rate of growth of the volume of a sphere is proportional to its volume. If the volume of the -
sphere is initidlly 36m ft’, and expands to 90m ft* after 1 second, find the volume of the sphere
after 3 seconds. -

10. A radioactive element decays exponentially in proportion to its mass. One-half of its original
amount remains after 5,750 years. If 10,000 grams of the element are present initially; how much
-will be left after 1,000 years?

11. Use Euler’s Method, with % =0.25, to estimate y(1) if "=y —x and y(0)=2. -
12. Use Euler’s Method, with 7= 0.2, to estimate y(1) if ¥’ =~y and y(0)=1.
' 13. Use Euler’s Method, with /1=0.1, to estimate y(0.5) if y’=4x° and y(0)=0.

d
14. Sketch the slope field for —c% =2x,

X

d
15. Sketch the slope field for E% = —;.

e WX
16. Sketch the slope field for 7. n
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PRACTICE PROBLEM SET 35

Now try these problems involving the series we've discussed in this chapter. The answers are in
Chapter 21. ‘

1.

10.

- 11,

12

13.

14.

15.

16.

. Does the series ¥

Find the sum of the series 2+%+—g—+...+—2—

25 54
8 8 8 8

. Find the sum of the series 8+ —+—+—+—+....

7 49 343 74
oo 5"

converge or diverge?
n=1(n—1)!
oo X7

Does the series 3 = converge or diverge?
n=lp

Find the Taylor series about 2 =0 generated by f(x) = cos x.
Find the Taylor series about 4 = 0 generated by f{x) = In (1 + x).
Find the Taylor series about 4 = 0 generated by f(x) = ™.

Find the first three nonzero terms of the Taylor series about g=" generated by f(x) = sin x.
3

Find the radius and interval of convergence for the series ¥3m ",

n=0

n x2n

Find the radius and interval of convergence for the series 3 (-1 .
n=0 (2n) .

Estimate cos (.2) using a fourth degree Taylor polynomial about 2 = 0 and find the error bound.

Estimate In (1.3) using a third degree Taylor polynomial about 2 = 0 and find the error bound.

oo

Determine whether Z
“~nlnn

.converges.

' =~ 1
Determine whether
21‘ nin

o

Determine whethér Z—h—l% converges.

n=2

converges.

3

. 1
Determine whether 2——‘ converges.
n

n=0 "**
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